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Abstract 

In this paper, we arrive from different starting points at the con- 
clusion that the symmetry given by an action of the Grothendieck- 
Teichmiiller group GT on the so called extended moduli space of string 
theory can not be physical - in the sense that it does not survive the 
inclusion of general nonperturbative vacua given by boundary condi- 
tion on the level of two dimensional conformal field theory - but has to 
be extended to a quantum symmetry given by a self-dual, noncommu- 
tative, and noncocommutative Hopf algebra 7~Cgt- First, we show that 
a class of two dimensional boundary conformal field theories always 
uniquely defines a trialgebra and find TLqt as the universal symmetry 
of such trialgebras (in analogy to the definition of GT as the universal 
symmetry of quasi-triangular quasi-Hopf algebras). Second, we ar- 
gue in a more heuristic approach that the T~Lgt symmetry can also be 
found in a more geometric picture using the language of gerbes. 



1 Introduction 

For the case of perturbative vacua in string theory, i.e. two dimensional 
super conformal field theory, there is a large body of results on certain sym- 
metry structures which are linked to these. First of all, there are a number 
of reconstruction theorems (see |CPj . |FKj ) which allow to view the fusion 
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structure of these superconformal theories as given by the representation cat- 
egory of a quasitriangular quasi-Hopf algebra. Beyond this, one can find a 
universal symmetry of all quasitriangular quasi-Hopf algebras in the form 
of the so called Grothendieck-Teichmiiller group GT (see jDrij ) . The basic 
idea is the following: Ask for the possibility to transform the i?-matrix and 
the Drinfeld associator a of a quasi-triangular quasi-Hopf algebra H while 
keeping the rest of the structure of H completely fixed. In order to define a 
nontrivial group from these transformations, one has to take a certain closure 
by including formal deformations of R and a in the sense of a class of formal 
power series. Doing this, one arrives at GT (for the full technical details 
of the definition of GT we refer the reader to |Drij . for a convenient short 
description see also |CPj ). As a consequence of these two levels of symmetry 
structure - the Hopf algebra structures of two dimensional superconformal 
field theory and the universal symmetry of GT - there exists an action of 
GT on the so called extended moduli space of two dimensional supercon- 
formal field theories (see |Kon 199^j . |Wit 199Tj for the introduction and 
general structure of this space and |Kon 1999] . |KoSoj for the GT-action on 
it). Mathematically, this space is expected to be describable as the moduli 
space of a triangulated version of Aoo-categories (see |Kon 1994j ). On the 



one hand, this extended moduli space has been related to D-branes, i.e. to 
boundary conditions for open strings (see e.g. jGZj . |Lazp . On the other 
hand, even this extended moduli space (it is extended in comparison to the 
usual moduli space of a two dimensional superconformal field theory which is 
locally generated by the truely marginal operators) is restricted to see non- 
metric degrees of freedom, only (see |Kon 1994j . [Wit 1991]), i.e. it basically 
describes a topological string theory. 

An understanding of the structure of the relevant moduli space of vacua 
for string theory is considered to be of outermost relevance for the long term 
goal of a full fledged nonperturbative and background independent formu- 
lation of the theory. Finding a symmetry like the GT action on extended 
moduli space is of deep principal interest. The decisive question is, then, if 
this symmetry is of physical relevance. If it would be, one could hope that 
it tells an important lesson about the ultimate nature of a complete formu- 
lation of string theory. After all, we know from nearly all of the examples 
of theories in physics that these are to a high degree determined by knowing 
the fundamental symmetry principle. The examples range from the Galilei 
invariance of classical mechanics and the Lorentz invariance of the Maxwell 
equations up to the gauge symmetries in elementary particle physics and the 
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diffeomorphism invariance of general relativity. 

A first step toward the question of a physical relevance of the GT-symmetry 
is taken by asking the following more concrete question, instead: Does the 
GT-action extend to a physically relevant full moduli space of open string 
theory, i.e. to general boundary conditions in the non-topological setting 
(formulated more concisely: to a general moduli space of two dimensional 
boundary conformal field theories)? We will sometimes call this space sim- 
ply the full moduli space, in the sequel. 

We will in this paper show that the GT-symmetry can not extend to the 
full moduli space, i.e. in this sense the GT-symmetry can not be physically 
relevant (one can not take the GT-invariance as a candidate for a physical 
principle in full non-topological string theory). But we find that there is a 
self-dual, noncommutative, and noncocommutative Hopf algebra Tier which 
extends the GT-symmetry to the full moduli space. In more physical terms, 
we can view this as saying that the GT-symmetry does not survive the inclu- 
sion of general nonperturbative vacua but that in the full setting a quantum 
analog of this classical symmetry is seen. 

We will first arrive at this result by starting from the question of what 
takes the role of the Hopf algebra symmetries behind two dimensional super- 
conformal field theories if we pass to the setting of boundary conformal field 
theories. We then ask for the universal symmetry of these algebraic struc- 
tures, replacing the GT-symmetry of quasi-triangular quasi-Hopf algebras. 
This will be the content of section 2. 

In section 3, we approach the same problem from a more geometrical per- 
spective: Boundary conditions in the two dimensional conformal field theories 
geometrically are linked to the appearance of a 2-form field B with 3-form 
field strength H. Compared to closed 2-forms (which define connections on 
vector bundles), closed 3- forms - like H - are linked to connections on gerbes 
which, roughly speaking, can be seen as principal bundles with categories as 
their fibers. Paralleling the way in which vector bundles define by Serre dual- 
ity finite-dimensional projective modules over the algebra C°° (M) of smooth 
functions on the base manifold M, a class of gerbes induces C°° (M)-linear 
ring categories. We will see in a simple but instructive example of such a cat- 
egory C that the analog of the Hochschild cohomology of a projective module 
for C is, again, related to an action of the Hopf algebra Hgt- So, we can ar- 
gue that the more geometrical picture of gerbes leads to the same conclusion 
concerning a universal 7iGT-sy mm etry. Finally, we discuss the conjecture 
that the ^GT-symmetry should not only be stable against quantization but 
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that in this case the classical and the quantum description should even be 
equivalent. 

Section 4 contains some concluding remarks. 

2 Trialgebras and boundary conformal field 
theory 

Two well known results are the starting point for the considerations in this 
section: First, starting from a three dimensional topological quantum field 
theory, one can get a two dimensional conformal field theory as living on 
the boundary of the 3-manifold ( jFFFSj . jWit 1989] ). By the fact that the 
boundary of a boundary is empty, one can get only conformal field theories 
without boundary in this way. Second, three dimensional topological field 
theories can be formulated in a purely algebraic way as vector space valued 
functors on the category of three dimensional cobordisms QAtij ) and these 
functors can in turn be shown to be constructible from modular categories 
(see |Turj ) . So, two dimensional conformal field theories can be constructed 
starting from certain modular categories (see |Seg| for a different approach 
leading to this result). In |KL| an algebraic framework is presented motivated 
by the wish to extend this approach to the case of two dimensional boundary 
conformal field theories. The algebraic notion of topological quantum field 
theory of |Atij is extended (algebraically by using double functors, i.e. mor- 
phisms between double categories) to include 3-manifolds which do not only 
have boundaries but where also corners on the boundaries are allowed. This 
introduces the necessary freedom for two dimensional boundary conformal 
field theories to appear on the boundary of the 3-manifold (see [KL] for the 
details). The central result of [KL is the following: 

The extended topological quantum field theories in the above sense are 
in one to one correspondence with C-linear, bounded (i.e. equivalent to a 
category of finite dimensional modules over a finite dimensional algebra), 
balanced, abelian, rigid, braided, monoidal categories C together with a self- 
dual Hopf algebra object H together with a special self-duality morphism in 
them (see, again, |KLj for the detailed definitions). 

So, the algebraic framework introduced in |KL| leads to the conclusion 
that at least a class of two dimensional boundary conformal field theories 
can be defined starting from such categories C together with a Hopf algebra 
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object H. It is shown in |KLj that the input data of |Turj give a special case 
of the data (C,H). This means that the data, given by the introduction of 
a Hopf algebra object H, are directly linked to boundary conditions for the 
conformal field theory. We will, in the sequel, always assume that one can 
make use of the topological approach of |KL| in studying two dimensional 
boundary conformal field theory. 

In order to proceed, we now introduce a new algebraic concept, called a 
trialgebra: 

Definition 1 A trialgebra (A, *, A, •) with * and ■ associative products on a 
vector space A (where * may be partially defined, only) and A a coassociative 
coproduct on A is given if both (A, *, A) and (A, •, A) are bialgebras and the 
following compatibility condition between the products is satisfied for arbitrary 
elements a, b,c,d G A: 

(a * b) ■ (c * d) = (a ■ c) * (b ■ d) 
whenever both sides are defined. 

Trialgebras were first suggested in jCF) as an algebraic means for the con- 
struction of four dimensional topological quantum field theories. It was ob- 
served there that the representation categories of trialgebras have the struc- 
ture of so called Hopf algebra categories (see |CFj ) and it was later shown 
explicitly in [CKSJ that from the data of a Hopf category one can, indeed, 
construct a four dimensional topological quantum field theory. The first ex- 
plicit examples of trialgebras were constructed in [GS 2000a and [GS 2000b 
by applying deformation theory, once again, to the function algebra on the 
Manin plane and some of the classical examples of quantum algebras and 
function algebras on quantum groups. In GS200 1 it was shown that one 
of the trialgebras constructed in this way appears as a symmetry of a two 
dimensional spin system. Besides this, the same trialgebra can also be found 
as a symmetry of a certain system of infinitely many coupled g-deformed 
harmonic oscillators. 

We then have the following lemma: 
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Lemma 1 The data (C, H) of IKLf define for each choice of C and H a 
trialgebra. 

Proof. By definition of C, C is equivalent to a category of representations of 
an algebra A (see |KLj ). So, on each object of C there is a representation • of 
the product of A. Now, the Hopf algebra object H is an object in C together 
with a product * and a coproduct A. So, we have two associative products 
and a coassociative coproduct given. It remains to check compatibilities. The 
compatibility of A and * is given by the definition of a Hopf algebra object. 
The compatibility of A with • follows from the fact that A is a morphism 
in C. Finally, the compatibility of ■ and * follows also from the fact that * 
is a morphism in C together with the canonical extension of • to the tensor 
product of a representation of A with itself. ■ 

Remark 1 It was already observed in \HE$ that trialgebras define certain 
monoidal bicategories. While two dimensional conformal field theories with- 
out boundary arise from modular categories, the above lemma shows that 
the two dimensional boundary conformal field theories which can be defined 
through the construction of IKLf correspond to a special class of monoidal 
bicategories. 

As the next step, we can - in analogy to |Drij - ask for the universal sym- 
metry of (quasi-) trialgebras (where we allow for the coproduct and one of 
the products to be quasi- associative, only) which are quasi-triangular (respec- 
tively, coquasi-triangular) with respect to A and one of the products. This 
question was considered in |Schj and it was found that instead of GT we get 
a Hopf algebra T~Cgt which was shown to be self-dual, noncommutative, and 
nonco commutative. In addition, T~Cgt can be shown to be a sub- Hopf algebra 
of the Drinfeld double of GT. 

Together with the above lemma, this shows that the action of the classical 
group GT is too restrictive to hold for general two dimensional boundary 
conformal field theories. Instead, we have a quantum symmetry in the form 
of an action of the Hopf algebra Tier, here. In this sense, the GT-symmetry 
on extended moduli space can not be physical since it does not extend to 
general nonperturbative vacua. The GT-symmetry is extended in this case 
to a quantum symmetry TCqt- 
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Remark 2 Since the associator can be seen to basically determine the struc- 
ture ofGT already (see WrH$ . IK on 1999$ ). the assumption of quasi-triangularity 
and coquasi-triangularity for the trialgebra which we made above is not a de- 
cisive restriction. 

We conclude this section by a remark on some additional structural prop- 
erties of trialgebras: Though examples of trialgebras can be constructed by 
further deformation quantization of quantum groups and the concept carries 
some analogy to Hopf algebras (e.g dual pairings of trialgebras can be in- 
troduced and a system of coupled matrix equations can be given, replacing 
the i?TT-relations in the trialgebraic case, see |GS 2000b"] ). trialgebras are 
in several respects quite different objects. 

To give a simple example of this kind, we mention that nontrivial trial- 
gebras are never unital. By a unital trialgebra one would mean one with a 
unit element 1 which is compatible with both products where the algebraic 
notion of compatibility, usually used in the case of two products, is the re- 
quirement that one and the same element 1 should act as the unit for both 
products. Such unital trialgebras are always trivial in the sense that they 
are commutative bialgebras, i.e. the two products necessarily agree and the 
product is commutative. The proof consists of a simple Eckmann-Hilton type 
argument, for if such an element 1 would exist, we would have 

a ■ b = (a * 1) • (1 * b) 
= (o-l)*(l-6) 
= a * b 

= (l*a)-(6*l) 
= b * a 

A much more involved result, showing that trialgebras are objects with new 
and interesting algebraic properties, is given by the fact that - loosely speak- 
ing - trialgebras can not be further deformed to algebraic structures with 
e.g. two asscociative products and two coassociative coproducts, all linked 
in a compatible way (see jSchj ). In this sense, trialgebras are the end of the 
story in the deformation process leading from groups to Hopf algebras to 
trialgebras. We call this property of trialgebras ultrarigidity. 
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3 Cohomology of gerbes 



Geometrically, the introduction of boundary conditions in two dimensional 
conformal field theory is related to the appearance of a 2-form field B with a 
closed 3-form H as its field strength. While closed 2-forms lead to connections 
on vector bundles, closed 3-forms are interpreted as a kind of connection on 
a gerbe (i.e. a kind of principal bundle with categories as fibers). In |BMj a 
detailed development of the necessary geometrical theory of gerbes is started. 

We will in this section be rather brief. Our aim is not to introduce the 
heavy machinery of gerbes but mainly to show that the results, which have 
been given in a completely rigorous way from an algebraic approach in the 
foregoing section, can also be seen in this more geometric picture. 

Following |BMj , we consider a gerbe V over a base manifold M with cover 
(Ui) ieJ . Denote by Vu t the fiber categories of V and let 

Uij = U t n Uj 

Then sections of V can be written as pairs of data (xj, with x» an object 
in V\j l and 

</>H '■ x j\u lJ -> Xi\ Vij 

a morphism in Vu i:j ■ 

Let us now assume that V is a gerbe with gauge group (see jBMj for 
this concept) GL(n,C) (or U (n) for the unitary case). Then we have the 
following result: 

Lemma 2 For V a gerbe with gauge group GL(n,C) (or U (n)) over a 
smooth base manifold M , the sections ofV define the structure of a C°° (M)- 
linear ring category. 

Proof. V leads to a vector bundle analog V of a gerbe with sections (xi, J 

where the pointwise restrictions of Xi and <^ ■ lead to vector spaces and linear 
maps, respectively. For a ring category we need a tensor product ® and a 
direct sum © with the obvious properties. But these are induced from © 
and © of the category of C-vector spaces. So, the category S of sections is a 
ring category. C-linearity of S follows from the fact that pointwise we have 
C-vector spaces and C-linear maps. The stronger result of C°° (M)-linearity 
of S is a consequence of the fact that we have smooth data over M. ■ 
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Remark 3 This result is the analog of the fact that - by Seme duality - vector 
bundles induce finite dimensional projective modules over C°° (M) . 

Since there is a highly developed theory of Hochschild cohomology of 
projective modules (see |GeSchj ). we can now ask for the analog of Hochschild 
cohomology for such C°° (M)-linear ring categories S. We will restrict to a 
simple but instructive example, here (and make a remark about the more 
general case, below). Namely, consider the case of such a category, consisting 
only of one object. Since the morphism classes of S are C-linear, especially, 
it is immediately clear that S can be reinterpreted as a C-algebra A where 
the product • of A is just the composition of S. The tensor product gives a 
second product * on A and, using well known coherence theorems, we can 
assume without loss of generality that * is associative, too. We will call 
such a structure (A,-,*) a double algebra, in the sequel. Observe that the 
compatibility of • and * is, once again, 

{a-b)*{c-d) = {a*c)-(b*d) (1) 

for a, b,c,d G A. 

Remark 4 Since our aim is to consider deformation theory, in the sequel, 
we forget about the additional sum © for the moment because the additive 
structures remain fixed, anyway. 

Let us now come to the question of the cohomology of such a double 
algebra. It is clear that (A, -, *) defines two Hochschild complexes - one for 
each product - but these are not independent but linked by compatibility 
conditions for the cohomology groups induced from condition (Q). E.g. for 
the second cohomology of (A,-,*) we do not have arbitrary pairs (Bi,B 2 ) 
where B\ is a Hochschild 2-cocycle for • and B 2 a Hochschild 2-cocycle for * 
but only pairs where I?iand B 2 satisfy the constraint 

(a ■ b) * Bi (c, d) + Bi (a, b) * (c ■ d) — B 1 (a * c, b * d) 
= (a * c) • B 2 (b, d) + B 2 (a, c) ■ (b * d) — B 2 (a ■ b, c ■ d) 

calculated from the first order perturbation theory of condition (£[]). 
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Remark 5 Actually, the structure of S induces for A even the structure of 
a double algebra over C°° (M) (instead of simply a C-linear double algebra). 
One could therefore suppose at first sight that one can actually introduce, in 
addition, deformations of the product in C°° (M) and that therefore three dif- 
ferent Hochschild complexes are involved. But observe that in the undeformed 
case - by the composition of the linear maps ^ • - the composition in S and 
the product on C°° (M) are not independent but the product of C°° (M) can 
be seen as induced from the composition which we would have for the case of 
lxl matrices. In this sense, we do not consider the product on C°° (M) as 
another possibility for deformations and therefore restrict in the cohomology 
theory to cohomology of a C-linear double algebra. 

Next, remember that on Hochschild cohomology of associative algebras 
there is - by the Deligne conjecture - a hidden action of the Grothendieck- 
Teichmuller group GT (see |Kon 1999] where a proof of the Deligne conjec- 
ture is announced). Basically, the action of GT can be imagined as deriving 
from the possibility to weaken the associative product to a quasi- associative 
one and from the transformation possibilities for such an associator. We can 
therefore give the following heuristic argument for the case of two associative 
products • and *: Here, we have the possibility to introduce two different 
associators a, [3 and the compatibility condition for a and (3 is 

[a,0\ = O (2) 

(observe that a and (3 operate on the same space, i.e. we can introduce a 
commutator for the successive application of the two maps). The constraint 
resulting from condition (J2J) for transformations of a and (3 was calculated 
in |Schj and it was derived there that, again, instead of GT the Hopf algebra 
TicT is the correct algebraic object to describe the common transformations 
of a and (3 respecting condition (J2J). 

Our heuristic argument therefore leads to the view that on the total 
cohomology of a C-linear double algebra (A, ■,*) we have to expect a hidden 
action of the Hopf algebra Tier- 

Remark 6 We expect that the Tier- action should also hold for the case of 
a general category with the structure of S because in the case of the GT- 
action this is also not affected by the passage from associative algebras to 
A^- categories. 



10 



The main conclusion of this section is therefore that also in the more 
geometric picture of gerbes we find an argument that the GT-symmetry can 
not be physical in the sense that it does not hold for general nonperturbative 
backgrounds but that it has to be extended to the quantum symmetry Tier 
in this case. The arguments of this section are of a more heuristic nature but 
one should keep in mind that we have given a completely rigorous approach 
in the algebraic framework in the previous section. The aim of this one was 
mainly to convey the general view which presents itself from the geometrical 
side, in this question. 

Let us conclude this section by passing to the question if the TLgt- 
symmetry is stable against quantization. In this part, we can only give a 
heuristic argument at this time. We will argue that for the Tier-symmetry 
we should not only have stability against quantization but that in this case 
the quantum and the classical description should even be equivalent. 

The argument relies on the property of ultrarigidity introduced in |Schj . 
By ultrarigidity we can not expect a Ti^r-invariant theory to have a nontriv- 
ial quantum deformation. Since any such deformation should be equivalent 
to the nondeformed theory, we expect that for a Tier-invariant theory the 
quantum theory should even be equivalent to the classical one. 



4 Conclusion 

We have in this paper given arguments from two different perspectives - the 
algebraic formulation of boundary conformal field theories of |KL| and the 
cohomology of gerbes - that the GT-symmetry on extended moduli space 
can not represent a physically relevant symmetry but that upon inclusion of 
general nonperturbative vacua it has to be extended to a quantum symmetry 
represented by a self-dual, noncommutative, and nonco commutative Hopf 
algebra Hot- 

A more detailed investigation of the implications of a universal Hgt- 
symmetry in open string theory will follow in subsequent work. 

Acknowledgements: 

I thank the Erwin Schrodinger Institute for Mathematical Physics, Vi- 
enna, for hospitality during the time where this work has been done. For 
discussions on the subjects involved, I thank Bojko Bakalov, Karen Eisner, 
Jiirgen Fuchs, Harald Grosse, Christoph Schweigert, and Ivan Todorov. 



11 



References 

[Ati] M. Atiyah, Topological quantum field theories, IHES Publ. Math. 

68 (1988), 175-186. 

[BM] L. Breen, W. Messing, Differential geometry of gerbes, 

[math. AG/01060831 

[CaFe] A. Cattaneo, G. Felder, A path integral approach to the Kontse- 
vich quantization formula, math/9902090 

[CF] L. Crane, I. B. Frenkel, Four-dimensional topological quantum 

field theory, Hopf categories and the canonical bases, J. Math. 
Phys. 35, 5136-5154 (1994). 

[CKS] J. S. Carter, L. H. Kauffman, M. Saito, Structures and dia- 
grammatics of four dimensional topological lattice field theories, 
math.GT/9806023. 



[CP] V. Chari, A. Pressley, Quantum groups, Cambridge University 

Press, Cambridge 1994. 

[Dri] V. G. Drinfeld, On quasi-triangular Quasi- Hopf algebras and a 

group closely related with Gal( Q/Qj, Leningrad Math. J., 2, 829- 
860 (1991). 

[FFFS] G. Felder, J. Frohlich, J. Fuchs, C. Schweigert, Conformal bound- 
ary conditions and three-dimensional topological field theory, 
|hep-th/9909140[ 

[FK] J. Frohlich, T. Kerler, Quantum groups, quantum categories 

and quantum field theory, Lecture Notes in Mathematics 1542, 
Springer, Berlin 1993. 

[GeSch] M. Gerstenhaber, S.D. Schack, Algebraic cohomology and defor- 
mation theory, in M. Hazewinkel, M. Gerstenhaber, Deformation 
theory of algebras and structures and applications, Nato ASI se- 
ries 247, Kluwer, Dordrecht 1988. 

[GS 2000a] H. Grosse, K.-G. Schlesinger, On a trialgebraic deformation of 
the Manin plane, Letters in Mathematical Physics 52 (2000), 
263-275. 



12 



[GS 2000b] H. Grosse, K.-G. Schlesinger, On second quantization of quan- 
tum groups, J. Math. Phys. 41 (2000), 7043-7060, earlier 
version also available in the preprint series of the Erwin 
Schrddinger Institute for Mathematical Physics, Vienna, 841 (un- 
der http://www.esi.ac.at). 

[GS2001] H. Grosse, K.-G. Schlesinger, A suggestion for an integrability 
notion for two dimensional spin systems, Letters in Mathemati- 
cal Physics 55 (2001), 161-167, |hep"-th/0103176| 

[GZ] M. Gaberdiel, B. Zwiebach, Tensor constructions of open string 

theories I, |hep-th/9705"038| 

[Iha 1987] Y. Ihara, Some problems on three-point ramifications and asso- 
ciated large Galois representations, Adv. Stud. Pure Math., no. 
12, North-Holland, Amsterdam and New York 1987, 173-188. 

[Iha 1989] Y. Ihara, The Galois representations arising from P 1 — {0, 1, oo} 
and Tate twists of even degree, Galois groups over Q, Math. Sci. 
Res. Inst. Publ., vol. 16, Springer, Berlin and New York 1989, 
299-313. 

[Kir] A. Kirillov, Elements of the theory of representations, Springer, 

Berlin and Heidelberg, 1975. 

[Kon 1994] M. Kontsevich, Homological algebra of mirror symmetry, 
|alg-geom 9411018| 

[Kon 1997] M. Kontsevich, Deformation quantization of Poisson manifolds 
I, |math/9709"l80| 

[Kon 1999] M. Kontsevich, Operads and motives in deformation quantiza- 
tion, |math.QA/9904055| 

[KoSo] M. Kontsevich, Y. Soibelman, Deformations of algebras over op- 
erads and Deligne's conjecture, math.QA/0001151 v2. 

[KL] T. Kerler, V. V. Lyubashenko, Non-semisimple topological quan- 

tum field theories for 3-manifolds with corners, Lecture Notes in 
Mathematics 1765, Springer, Berlin and Heidelberg 2001. 



13 



[Laz] Lazaroiu, String field theory and brane superpotentials, 

|hep-th/0107162l 



[Sch] K.-G. Schlesinger, A quantum analogue of the Grothendieck- 

Teich muller group, J. Ph ys. A: Math. Gen. 35 (2002), 10189- 
10196, |math.QA/0104275| 

[Seg] G. B. Segal, The definition of conformal field theory, Differen- 

tial geometrical methods in theoretical physics (Como, 1987), 
NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci., no. 250, Kluwer, 
Dordrecht 1988, pp. 165-171. 

[Tur] V. G. Turaev, Quantum invariants of knots and 3-manifolds, de 

Gruyter, Berlin and New York 1994. 

[Wit 1989] E. Witten, Quantum field theory and the Jones polynomial, 
Comm. Math. Phys. 121 (1989), 351-399. 

[Wit 1991] E. Witten, Mirror manifolds and topological field theory, in: S. 

T. Yau, Essays on mirror manifolds, International Press, Hong 
Kong 1991. 



14 



